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1 Introduction
According to the General Theory of Relativity deformed rotating neutron stars irradi-
ate gravitational waves. The energy carried away by gravitational radiation changes
the rotation state, and the compact object evolves to a new equilibrium configuration.
In this work we present a simplified description of this phase, describing the system
by an uniformly rotating triaxial homogeneous ellipsoid to catch the main aspects
of the evolution. We construct an effective Lagrangian model, in which the kinetic
energy associated to the breath mode and rotation are explicitly determined. The
rate of gravitational waves radiation is determined in the framework of the weak field
limit approximation of Einstein equations. We then solve numerically the equations
of motion for the nascent neutron star, incorporating the diffusion of neutrinos in the
calculation.
2 Lagrangian model
The dynamics of an uniformly rotating neutron star is approximated by a compressible
homogeneous triaxial ellipsoid. We construct an effective Lagrangian
L = K −W − Urot − Uint, (1)
with K being the translational kinetic energy, W the gravitational potential energy,
Uint the internal energy, and Urot the rotational kinetic energy. All quantities are
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written in terms of the semi-axes of the ellipsoid a1, a2, and a3, and their respective
time derivatives.
The Newtonian gravitational energy of the triaxial ellipsoid is given by [1]
W = − 3
10
GM2
A
a1a2a3
, (2)
where A is defined by
A =
3∑
i=1
Aia
2
i , i = 1, 2, 3, (3)
where
Ai = a1a2a3
∫ ∞
0
dζ
∆ (a2i + ζ)
, (4)
with
∆2 = (a21 + ζ)(a
2
2 + ζ)(a
2
3 + ζ). (5)
The translational kinetic energy associated with the internal motion of the ellipsoid
is given by the simple quadratic form
K =
1
10
M
(
a˙21 + a˙
2
2 + a˙
2
3
)
. (6)
The rotational energy measured in the rest frame fixed at the center of the ellipsoid
is given by
Urot =
1
2
IΩ2, (7)
where I is the moment of inertia of the ellipsoid relative to the axis of rotation, which
reads
I =
1
5
M(a21 + a
2
2). (8)
The angular velocity can be expressed in terms of the total angular momentum L
of the ellipsoid, L = IΩ, and thus we may put the rotational energy (7) in the form
Urot =
5
2
L2
M(a21 + a
2
2)
. (9)
The equations of motion for the three semi-axes obtained from the Lagrangian of
the system are thus given by
d2a1
dt2
= −3
2
GM
a2a3
A1 +
25L2
M2
a1
(a21 + a
2
2)
2
+
20pi
3M
Pa2a3, (10)
d2a2
dt2
= −3
2
GM
a1a3
A2 +
25L2
M2
a2
(a21 + a
2
2)
2
+
20pi
3M
Pa1a3, (11)
and
d2a3
dt2
= −3
2
GM
a1a2
A3 +
20pi
3M
Pa1a2, (12)
where P is the fluid pressure.
2
3 Gravitational wave radiation and neutrino es-
caping
Within the weak field approximation, the time rate of the system energy carried out
by the gravitational waves is provided by the formula [2, 3]
dE
dt
= − G
45c5
(
∂3Qαβ
∂t3
)2
, (13)
from which we can obtain the mean value of the luminosity
LGW = −
〈
dE
dt
〉
. (14)
For a homogeneous triaxial ellipsoid rotating uniformly about the x3-axis with the
frequency Ω, the luminosity is [4]:
LGW =
32
125
GM2Ω6
c5
(
a21 − a22
)2
. (15)
The rate of angular momentum loss due to the gravitational radiation is also
determined as:
dL
dt
= − 32
125
GM2Ω5
c5
(
a21 − a22
)2
. (16)
We assume for t = 0 that protons, neutrons, electrons and trapped neutrinos are
in beta equilibrium, such that
µn(0) = µp(0) + µe(0)− µν(0). (17)
The electric charge neutrality and baryon number conservation lead to the addi-
tional constraints: ne(0) = np(0) and ρ(0) = nn(0) + ne(0), where ne(0), np(0), nn(0)
and ρ(0) are the initial electron density, proton density, neutron density and baryon
density, respectively. Moreover, the neutrino trapping at t = 0 yields the relation
nν(0) = YLe(0)ρ(0) − ne(0), where YLe(0) is the initial leptonic fraction (we adopt
here the value YLe(0) = 0.4). These constraints, including the Eq. (17), provide the
initial neutrino density as a function of the initial baryon density.
In order to mimic the neutrino emission, we assume that neutrinos leave the system
at a constant rate, given by
dNν
dt
= −τ, (18)
where Nν is the number of neutrinos trapped in the system at the time t, and τ is a
characteristic constant. So, integrating the last equation, we get
nν(t) =
ρ(t)
ρ(0)
nν(0)e
−t/τ , (19)
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where ρ(t) is the baryon density at the time t. With the escape of neutrinos the
pressure reduces, and thus the system becomes unstable against gravity.
The chemical potential of the degenerate neutrinos is µν = (6pi
2nν)
1/3
, which
contributes with the partial pressure Pν = (1/24pi
2)µ4ν .
4 Results and conclusions
We assume that the proto-neutron star is initially composed of baryonic matter, and
leptons. The equation of state in the hadronic regime considers the contribution of
the complete baryonic octet in a relativistic mean field approach [5]. This equation of
state is connected to the bag model equation of state for high barionic density, in the
deconfined quark regime. In the low density regime of interest, the BPS [6] equation
of state is used as a smooth extrapolation.
We solve numerically the equations of motion (10)–(12) for a given initial con-
dition. The semi-axes of the ellipsoid, as well as the initial angular frequency, are
determined for the mass M = 1.6 M, provided the initial angular momentum L0.
We consider in this work two different values of the initial angular momentum.
For L0 = 1.8× 1049 g · cm2 · s−1 we obtain the initial values for the semi-axes of the
ellipsoid a1(0) = 2.05×106 cm, a2(0) = 1.59×106 cm and a3(0) = 1.01×106 cm. For
this initial condition, the obtained values of the initial baryon density and neutrino
density are ρ(0) = 0.14 fm−3 and nν(0) = 1.40× 10−2 fm−3, respectively.
For L0 = 2.6 × 1049 g · cm2 · s−1 the initial values of the semi-axes are a1(0) =
2.96 × 106 cm, a2(0) = 1.48 × 106 cm and a3(0) = 8.6 × 105 cm. In this case the
values of the initial baryon density and neutrino density are ρ(0) = 0.12 fm−3 and
nν(0) = 1.24× 10−2 fm−3, respectively.
In Figure 1 we depict the gravitational luminosity as a function of time for two
different values of the initial angular momentum L0. We see that the luminosity
decreases rapidly from hundreds to few tenths of 1051 erg/s. Notice the effect of the
neutrino diffusion on the initial luminosity of the gravitational wave, compared with
the case where neutrinos, are absent. The obtained final states are uniformly rotating
objects possessing period, mean radius, density and chemical composition typical of
neutron stars. Neutrino diffusion seems to play an important role in the gravitational
wave radiated by proton-neutron stars.
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Figure 1: Gravitational wave luminosity as a function of time, for two values of the
initial angular momentum L0. The used neutrino diffusion parameter is τ = 10 s.
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